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1. Introduction

In this chapter, we will take an in depth look at the problems involved in choosing functional forms
for estimating systems of consumer and producer demand functions and producer supply functions.
We will attempt to find functional forms that are consistent with the restrictions on supply and
demand functions that are implied by economic theory but are also sufficiently flexible that
elasticities of supply and demand are not arbitrarily restricted by the choice of the functional form.
We will make extensive use of duality theory® in this chapter in order to obtain systems of demand
and supply functions that are consistent with economic theory but yet can be estimated by using
linear regression techniques or “slightly” nonlinear regressions. Since many problems in applied
economics depend on obtaining accurate estimates of elasticities, this topic is of considerable
importance for the applied economist.

Section 2 below starts off by giving a formal definition of a flexible functional form for a
production function and a cost function. Basically, flexible functional forms are functional forms
that have a second order approximation property so that elasticities of supply and demand are not a
priori restricted by using a flexible functional form. Sections 3-5 give three examples of flexible
functional forms for cost functions: the Generalized Leontief cost function, the Translog cost
function and the Normalized Quadratic cost function. The Normalized Quadratic functional form is
our preferred functional form, because convexity or concavity restrictions can be imposed on this
functional form in a parsimonious way without destroying the flexibility of the functional form.
We do not know of any other flexible functional form that has this property.’

Section 6 shows how cost functions can be applied to the problems involved in estimating systems
of consumer demand functions that are consistent with utility maximizing behavior. Sections 7 and
8 apply the general methodology to two specific functional forms: the Generalized Leontief cost
function and the Normalized Quadratic cost function. Section 9 discusses the problems involved in
cardinalizing a measure of utility. Section 10 discusses how nonhomothetic preferences can be
estimated and section 11 extends this discussion by showing how the use of spline functions can
add extra flexibility.

In section 12, we turn our attention to the problems involved in estimating multiple output, multiple
input technologies.® The unit (capital) profit function is a key concept that is explained in this
section. Sections 13-16 apply the general framework to a number of specific functional forms.
Section 17 is a counterpart to section 11 and shows how spline functions can be used to add extra
flexibility.

! See chapter 3 of these notes. Some of the material in chapter 3 will be repeated in the present chapter.

% For a comparison of the Normalized Quadratic functional form with other flexible functional forms, see Diewert and
Wales (1993).

¥ Sections 2-5 dealt with only single output, multiple input technologies.



Finally, sections 18 and 19 provide some generalizations of the basic normalized quadratic
functional form. In section 18, we introduce a variant of the normalized quadratic profit function
that can achieve flexibility at two points instead of the usual one point flexibility property.* In
order to implement this model, the number of commaodities cannot be too large, since having
enough parameters to be flexible at two points instead of one point will double the number of
parameters to be estimated. On the other hand, the generalization of the Normalized Quadratic
functional form presented in section 19 is applicable to situations where the number of
commodities is very large.’

2. The Definition of a Flexible Functional Form

Consider an N input, one output constant returns to scale production function f where y =
f(X1,X2,...,XN) = f(X) and y > 0 denotes the output produced by the nonnegative input vector x > Oy.

The constant returns to scale assumption means that f is linearly homogeneous; i.e., we have
(1) f(Ax) = Af(x) for all scalars & > 0 and input vectors x > O.
If in addition, f is twice continuously differentiable, then Euler’s Theorem on homogeneous

functions and Young’s Theorem from calculus imply the following restrictions on the first and
second order partial derivatives of f:

(2) x"VF(x) = f(X) ; (1 restriction)
(3) VH(X)x = Oy ; (N restrictions)
(4) V(X)) = [VHF(X)]" (N(N=1)/2 restrictions).

The restrictions given by (2) and (3) are implied by Euler’s Theorem and the symmetry restrictions
(4) are implied by Young’s Theorem.

A flexible functional form® f is a functional form that has enough parameters in it so that f can
approximate an arbitrary twice continuously differentiable function f* to the second order at an
arbitrary point x* in the domain of definition of f and f*. Thus f must have enough free parameters
in order to satisfy the following 1+N+N? equations:

(5) f(x*) = F(x*); (1 equation)
(6) VI(x*) = VI*(x*) ; (N equations)
(7) V2H(x*) = V2F*(x*) ; (N? equations).

Of course, since both f and f* are assumed to be twice continuously differentiable, we do not have
to satisfy all N? equations in (7) since Young’s Theorem implies that azf(X*)/aXian = 82f(x*)/8Xj8Xi
and 62f*(x*)/axi6xj = 62f*(x*)/6x,-8xi for all i and j. Thus the matrices of second order partial
derivatives V*f(x*) and V2f*(x*) are both symmetric matrices and so there are only N(N+1)/2

* This section is based on Diewert and Lawrence (2002).
> This section is based on Diewert and Wales (1988b).
® This terminology was introduced by Diewert (1974a; 133).



independent equations to be satisfied in the restrictions (7). Thus a general flexible functional form
must have at least 1+N+N(N+1)/2 free parameters.

The simplest example of a flexible functional form is the following quadratic function:
(8) f(X) =ap +a'x + (L/2)x'AX ; A=AT

where ag is a scalar parameter, a' = [a;,...,an] is a vector of parameters and A = [a] is a symmetric
matrix of parameters. Thus the f defined by (8) has 1+N+N(N+1)/2 parameters. To show that this
f is flexible, we need to choose ag, a and A to satisfy equations (5)-(7). Upon noting that Vf(x) = a
+ Ax and V*(x) = A, equations (5)-(7) become the following equations:

(9) ag + a'x* + (L/2)x*TAX* = f*(x*) ;
(10) a +Ax* = VIi*(x*) ;
(11) A = VHR(x*).

To satisfy these equations, choose A = V4*(x*) (and A will be a symmetric matrix since f* is
assumed to be twice continuously differentiable); a = V*(x*) — Ax* and finally, choose ay = f*(x*)
—[a'™x* + (1/2)x*TAX*].

In many applications, we want to find a flexible functional form f that is also linearly
homogeneous. For example, in production theory, if the minimum average cost plant size is small
relative to the size of the market, then we can approximate the industry technology by means of a
constant returns to scale production function. As another example, in the pure theory of
international trade, we often assume that consumer preferences are homothetic ”; i.e., the
consumer’s utility function can be represented by g[f(x)] where f is linearly homogeneous and g is
a monotonically increasing and continuous function of one variable. In this case, we can represent
the consumer’s preferences equally well by using the linearly homogeneous utility function g[f(x)].

If the production function f (or the utility function f) is linearly homogeneous, then the
corresponding cost function C has the following structure: for y > 0 and p >> Oy,

(12)  C(y.p) = min{p'x : f(x) >y}
= min, {p'x : f(x) = y} if f is continuous and increasing in the components of x

= miny, {p'x : (LIy)f(x) = 1}

= min, {p'x : f{1/y}x) = 1} using the linear homogeneity of f
= miny, {yp' (x1y) : f(xly) = 1}

=ymin, {p'z: f(z) = 1} letting z = x/ly

=yC(Lp)

=yc(p)

where we define the unit cost function c(p) as C(1,p), the minimum cost of producing one unit of
output (or utility).

" Shephard (1953) introduced this term.



It is straightforward to show that C(1,p) and c(p) are linearly homogeneous and concave in the
components of the price vector p.

Problems.

1. Let y = [y1,...,yn]" denote a vector of variable outputs and inputs that a firm produces or uses
during a period; if the firm produces commodity i, then y; > 0 while if the firm uses commodity i as
an input, then y; < 0 for i = 1,...,N. The vector y is called a net output vector or a netput vector.
Given the net output vector y, the minimum amount of capital k > 0 that is required to produce the
vector of net outputs y is F(y), where F is the firm’s capital requirements function.® Given a
positive vector of variable input and output prices p >> Oy and a positive amount of capital k > 0,
the firm’s variable profit function IT(k,p) is defined as follows":

(i)  Ti(kp) =max, {p'y : F(y) <k}.
Prove that for each k > 0, T1(k,p) is a linearly homogeneous and convex function of p.

2. (Continuation of 1.) Let y* solve the variable profit maximization problem TI(k*,p*) = maxy
{p*"y : F(y) < k*} where k* > 0 and p* >> Oy. Assume that TT(k*,p) is differentiable with respect
to the components of p at the point p*; i.e., assume that the vector of first order partial derivatives
VoII(k*,p*) exists. Show that y* = V,I1(k*,p*). This result is known as Hotelling’s (1932; 594)
Lemma. Hint: define g(p) = p'y* — I(k*,p) and show that g(p) < 0 and g(p*) = 0.

3. Assume that the capital requirements function F(y) is linearly homogeneous; i.e., F(Ay) = AF(y)
for all A > 0. (This means that the technology exhibits constant returns to scale.) Under this
assumption, show that I1(k,p) has the following decomposition: for k >0 and p >> Oy,

I(k,p) = KII(1,p).

The function T1(1,p) = n(p) is known as the firm’s unit (capital) profit function. By problem 1
above, it too will be a linearly homogeneous function.

4. Using problem 2 above, it can be seen that the firm’s variable profit maximizing system of net
supply functions, y(k,p), is equal to the vector of first order partial derivatives V,I1(k,p), provided
that TI(k,p) is differentiable with respect to the components of the variable price vector p. If
I1(k,p) is twice continuously differentiable with respect to the components of p, show that the N by
N matrix of price derivatives of the net supply functions, Vpy(k,p) = [oyi(k,p)/Op;j], has the
following properties:

@ Vey(kp) = [Vey(kp)l";
(b) [Vpy(k,p)Ip =On ;

8 If there is no amount of capital that can produce a given vector of net outputs y, then we define F(y) = +o. For more
on the properties of factor requirements functions, see Diewert (1974b).

® We assume that for each k > 0, the lower level set of F defined as {y: F(y) < k } is a nonempty, closed and bounded
set so that the maximum in (i) exists.



(c) 2'V,y(k,p)z > 0 for every vector z,
(d) eiTpr(k,p)ei > 0 for i = 1,..,N where ¢; is the ith unit vector. Provide an economic
interpretation for these inequalities.

5. (Continuation of 4.) Commodities i and j are said to be substitutes in production if dyi(k,p)/op; <
0 for i # j. Commaodities i and j are said to be complements in production if oyi(k,p)/op; > 0 for i # .
Commodities i and j are said to be unrelated in production if dyi(k,p)/op; = 0. If N = 2, show that
variable commodities 1 and 2 cannot be complements; i.e., they must be substitutes or be unrelated.

Linearly homogeneous functions arise naturally in a variety of economic applications. Moreover,
even if we allow our production function or utility function f to be a general nonhomogeneous
function, it is often of interest to allow f to have the capability to be flexible in the class of linearly
homogeneous functions.

Consider what happens to the general quadratic function f defined by (8) if we attempt to specialize
it to become a linearly homogeneous functional form. In order to make it homogeneous of degree
one, we must set ap = 0 and set A = Onxn and the resulting functional form collapses down to the
following linear function:

(13) f(x)=a'x.

But the f defined by (13) is not a flexible linearly homogeneous functional form! Thus finding
flexible linearly homogeneous functional forms is not completely straightforward.

Let us determine the minimal number of free parameters that a flexible linearly homogeneous
functional form must have. If both f and f* are linearly homogeneous (and twice continuously
differentiable), then both functions will satisfy the restrictions (2)-(4). In view of these restrictions,
it can be seen that instead of f having to satisfy all 1+N+N? of the equations (5)-(7), f need only
satisfy the following N+N(N-1)/2 = N(N+1)/2 equations:

(14) VIi(x*) = VI*(x*) ; (N equations)
(15) fij(x*) = fi(x*) for L<i<j<N (N(N-1)/2 equations)

where fjj(x*) = azf(x*)laxiax,-. Note that equations (15) are the equations in the upper triangle of the
matrix equation (7) above. If the upper triangle equations in (7) are satisfied, then by Young’s
Theorem, the lower triangle equations will also be satisfied if equations (15) are satisfied. The
main diagonal equations in (7) will also be satisfied if equations (15) are satisfied: the diagonal
elements f;;(x*) are determined by the restrictions Vf(x*)x* = Oy and the f*;i(x*) are determined by
the restrictions Vf*(x*)x* = O.

Thus in order for f(x) (or c(p) or n(p)) to be a flexible linearly homogeneous functional form, it
must have at least N + N(N-1)/2 = N(N+1)/2 free parameters. If it has exactly this number of free
parameters, then we say that f is a parsimonious flexible functional form.



In the following sections, we shall give some examples of parsimonious flexible functional forms
for unit cost functions. These same functional forms can be used as parsimonious flexible
functional forms for unit profit functions.® Thus we are looking for linearly homogeneous
functions c(p) that can satisfy the following N(N+1)/2 equations:

(16) Ve(p*) = Ve*(p*) ; (N equations)
(17) cij(p*) = c*ij(p*) for1<i<j<N (N(N-1)/2 equations).

Why is it important that functional forms used in applied economics be flexible? From Shephard’s
(1953; 11) Lemma, the producer’s system of cost minimizing input demand functions, x(y,p), is
equal to the vector of first order partial derivatives of the cost function with respect of input prices,
VpC(y,p). Thus the matrix of first order input demand price derivatives Vpx(y,p) is equal to the
matrix of second order partial derivatives VzppC(y,p). Hence, if the functional form for C is not
flexible, price elasticities of input demand will be a priori restricted in some arbitrary way.™
Many practical problems in applied economics depend crucially on estimates of elasticities and
hence it is not appropriate to use estimates of elasticities that are restricted in some arbitrary
manner.

In the following sections, we will exhibit some examples of flexible functional forms.

3. The Generalized Leontief Cost Function.

Define the generalized Leontief unit cost function c(p) as follows"*:

(18) c(p1,....pn) = Zima "= by pi2 pt?; bj=bjfor1<i<j<N.

Thus c is a quadratic form in the square roots of input prices and has N(N+1)/2 b;; parameters.

We need to determine whether the unit cost function c(p) defined by (18) is flexible; i.e., whether

we can choose the bj; so as to satisfy equations (16) and (17). Upon differentiating (18), equations
(16) and (17) become the following equations:

19) ci(p*) = Zj=" bij () PA(pt)Y? = cxi(p*) ; i=1,..N;
(20) cij(p*) = (1/2) by (pi*) D) = cxiy(p*) ; 1<i<j<N.

Use equations (20) to determine b;j for 1 <i <j < N. Then use equations (19) to solve for the bj; for
i = 1,..,N. This proves that the c(p) defined by (18) is flexible. Since it has only N(N+1)/2
parameters, it is also parsimonious.

In a production study where there is only one output and N inputs and the assumption of
competitive cost minimization is justified, given period t data on input demands, xi, input prices, pi'

19 The only difference is that the concavity in prices property for unit cost functions must be replaced by the convexity
in prices property for unit profit functions.

LA similar comment applies in the profit function context; unless the variable profit function TI(k,p) is flexible,
estimates of elasticities of net supply will be arbitrarily restricted.

12 This functional form was introduced by Diewert (1971).



and on output produced, Y, then the unknown parameters in (18) can be estimated by using the
following N estimating equations:

(21) x'y' = Tz by (o /pi) + et ; i=1,..,N,
where the ;' are stochastic error terms for i = 1,...,N.

Note that bj; in equation i should equal bj in equation j. These cross equation symmetry restrictions
can be imposed in the estimation procedure or we could test for their validity.

After estimating the by, it is necessary to check whether vZc(p') is negative semidefinite at each
data point p'.*® Thus it will be necessary to calculate the second order derivatives of c at each data
point. Differentiating the c(p) defined by (18) yields the following formulae for the derivatives:

(22) ci(p) = (1/2) by (pi'py) “? fori=j;
Cii(p) = —(1/2) Thin=1" bix (i) 2 (piH)H2; fori=1,...,N.

Note that the b;; do not appear in the formulae (22) for the second derivatives of the generalized
Leontief unit cost function. Note also if all bj; = 0 for i = j, then the functional form defined by (18)
collapses down to the no substitution Leontief (1941) functional form*. Under these restrictions,
the input demand functions defined by (21) collapse down to the following system of equations:

(23) xily' = by + &' ; i=1,.N.

Thus input demands are not affected by changes in input prices if the producer’s cost function has
the Leontief functional form.

Problems.

6. Let N = 2 and try to determine necessary and sufficient conditions on the parameters b;1, by, and
b2, that will make the generalized Leontief unit cost function defined by (18), c(p1,p2), concave in
the input prices (p1,p2). Look at the system of estimating equations (21) when N = 2. Can you
determine a simple method for making sure that your estimated generalized Leontief unit cost
function will satisfy the concavity property?

7. Determine a simple set of sufficient conditions that will make the generalized Leontief unit cost
function defined by (18) concave in p for an arbitrary N over the set S = {p : p >> Oy}

4. The Translog Unit Cost Function.

The translog unit cost function, c(p), is defined as follows:*

3 A necessary and sufficient condition for a twice continuously differentiable c(p) to be concave over a convex set S is
that V2c(p) be negative semidefinite for all p belonging to S.

 This functional form was actually used by Walras (1954; 243); the first edition of this book was published in 1874.

1> This functional form is due to Christensen, Jorgenson and Lau (1971) (1975).



(24) Inc(p) = oo + Xi=1" o Inpi + (1/2) =™ Z,-:lN vij Inp; Inp;

where the parameters o; and y;; satisfy the following restrictions:

(25) vij = vji s 1<i<j<N; (N(N-1)/2 symmetry restrictions)
(26) YietN 0= 1; (1 restriction)
@7) =1 vj=0; i=1..N (N restrictions).

Note that the symmetry restrictions (25) and the restrictions (27) imply the following restrictions:
(28) Ti-i" vi=0; j=1,...,N.

There are 1+N o, parameters and N? vij parameters. However, the restrictions (25)-(27) mean that
there are only N independent o; parameters and N(N-1)/2 independent y;; parameters, which is the
minimal number of parameters required for a unit cost function to be flexible.

We show that the translog unit cost function c(p) defined by (24)-(27) is linearly homogeneous; i.e.,
we need to show that c(Ap) = Ac(p) for L > 0 and p >> On. Thus, we need to show that

(29) Inc(Ap) = In[Ac(p)] = InA + Inc(p) for A >0 and p >> Oy.
Using definition (24), we have

(30) InC(Ap1,..., APN) = 0o + izt o Iy + (1/2) Tiza™ Tj=1 yij InApi Inkp;

=ogt Zi=1N ai[InA+Inpi] + (1/2) Zi:lN Zj:lN y”[lnk+lnpi][lnk+lnpj]
=g+ Zile (Xi[|ﬂ7\,]+zi=1N Ol Inpi + (1/2) Zile ijlN yij[lnx+lnpi][lnx+lnpj]
= ap + 1 [INAJ+Xi=1" o Inpi + (1/2) Tiza™ Zja" yi[InA+Inpi][InA+Inp] using (26)
= Ink + oo+ izt o Inpy + (1/2) Tier" M= vig[InAJ[INA]

+(1/2) Tiea" gt yiglInA][Inpi]+ (1/2) Tieg™ Zjer™ yi[Inpi] [INA]

+ (1/2) it Zj=a" yylInpil[Inp]
= I + ap+ iz a Inp; + (1/2) Tiet" [Zj=a vl [InA][InA]

+(1/2) Tjea" Zia” vl (Inp][InA] + (1/2) Ziea™ [Zja™ vigl [Inpi] [INA]

+ (1/2) Ziza" Zj=a" yilInpi] [Inp]]
= Ik + oo+ Siet o Inpi + (1/2) Tiza™ [O][INA][INA]

+(1/2) =" [O][Inpy][INA] + (1/2) Xiza™ [O][Inpi][INA]

+(1/2) Ti=1" Zj=1" yilinpid[Inp;] using (27) and (28)
= I + ag+Xizt” o Inpi + (1/2) Tit™ Zj=lN yviillnpil[Inp;]
= InA + Inc(p) using definition (24)

which establishes the linear homogeneity property (29). Thus the restrictions (25)-(27) are just the
right ones to imply the linear homogeneity of the translog unit cost function.

To establish the flexibility of the translog unit cost function c(p) defined by (24)-(27), we need only
solve the following system of equations, which is equivalent to the N(N+1)/2 equations defined by
(16) and (17):



(32) Inc(p*) = Inc*(p*) ; (1 equation)
(32) olnc(p*)/olnp; = dlnc*(p*)/olnp; ; i=12,...,N-1; (N-1equations)
(33) &°Inc(p*)/oInpidlnp; = 6°Inc*(p*)/dlnpidinp; ; 1<i<j<N; (N(N-1)/2 equations).

Upon differentiating the translog unit cost function defined by (24), we see that equations (32) are
equivalent to the following equations:

(34) o + Yj=1" yij Inpj = dlnc*(p*)/dlnp; ; i=12,.,N-1.

Differentiating the translog unit cost function again, we find that equations (33) are equivalent to
the following equations:

(35) yij = &°Inc*(p*)/oInpidlnp; ; 1< i <j < N.

Now use equations (35) to determine the y;; for 1 <i < j < N. Now use the symmetry restrictions
(25) to determine the v;; for 1 < j <i < N. Now use equations (27) to determine the y; for i =
1,2,...,N. With the entire N by N matrix of the v;; now determined, use equations (34) in order to
determine the o; for i = 1,2,...,.N-1. Now use equation (26) to determine a. Finally, use equation
(31) to determine a.

We turn our attention to the problems involved in obtaining estimates for the unknown parameters
o, and yij, which occur in the definition of the translog unit cost function, c(p) defined by (24). In
the producer context, the total cost function C(y,p) is defined in terms of the unit cost function c(p)
as follows:

(36) C(y.p) = yc(p).

Taking logarithms on both sides of (36) yields:

(37) InC(y,p) = Iny + Inc(p)
=Iny + o + Xz o Inp + (1/2) Ziet™ Yj=1 yij Inpi Inp;

where we have replaced In c(p) using (24). The corresponding system of cost minimizing input
demand functions x(y,p) is obtained using Shephard’s Lemma:

(38) X(y,p) = VpC(y,p) =y Vie(p).

Suppose that in period t, observed output is y', the vector of observed input prices is p' >> Oy and
the vector of observed input demands is X' > Oy. Thus the period t observed cost is:

(39) Ct = ptTXt = Zile pitXit-

Now evaluate (37) at the period t data and add an error term, eo". Using (39), (37) evaluated at the
period t data becomes the following estimating equation:
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(40) InC' = Iny" + oo + Xizs" @ Inpi* + (1/2) Tiza™ Tj=1" v Inpit Inpj* + &' t=1,...,T.
Note that (40) is linear in the unknown parameters.
In order to obtain additional estimating equations, we have to use the input demand functions,

Xi(y,p) = yoc(p)/op; for i = 1,...,N; (see equations (38) above). The ith input share function, si(y,p),
is defined as:

(41) si(y,p) = pixi(y,p)/C(y.p) i=1..N
= pilyoc(p)/opil/C(y.p) using (38)
= pilyoc(p)/opillyc(p) using (36)
= pilac(p)/opil/c(p)
= olnc(p)/olnp;
= i+ Xj=1" i Inp; upon differentiating the c(p) defined by (24).

Now evaluate both sides of (41) at the period t data and add error terms e;' to obtain the following
system of estimating equations:

(42) Sit = pitxit/Ct =q;+ ijlN Yij Inpjt + eit ; i=1,..,N.

Note that equations (42) are also linear in the unknown parameters. Obviously, the N estimating
equations in (42) could be added to the single estimating equation (40) in order to obtain N+1
estimating equations with cross equation equality constraints on the parameters o; and v;.
However, since total cost in any period t, C', equals the sum of the individual expenditures on the
inputs™®, =N pi'xi', the observed input shares si' = pi’x;/C' will satisfy the following constraint for
each period t:

(43) TtV st = 1.

Thus the stochastic error terms e;' in equations (42) cannot all be independent. Hence we must drop
one estimating equation from (42). Thus equation (40) and any N-1 of the N equations in (42) may
be used as a system of estimating equations in order to determine the parameters of the translog
unit cost function.’

We now turn our attention to the problem of deriving a formula for the price elasticities of demand,
oxi(y,p)/op;, given that the unit cost function has the translog functional form defined by (24)-(27).

' This identity explains why we did not add the counterpart to (40) as an estimating equation to the estimating
equations (21) in the previous section.

" In situations where N is large relative to the number of observations T, maximum likelihood estimation of equation
(40) and N-1 of the equations (41) can fail if a general variance covariance matrix has to be estimated for the error
terms in these equations. The problem is that all of the unknown economic parameters are contained in equation (40)
and as a result, the estimated squared residuals in this equation will tend to be small relative to the estimated squared
residuals in equations (41), where each equation has only a few unknown economic parameters. Hence equation (40)
can suffer from multicollinearity problems and the small apparent variance of the residuals in this equation lead to the
maximum likelihood estimation procedure giving too much weight to equation (40) relative to the other equations.
Under these conditions, the resulting elasticities may be erratic and not satisfy the appropriate curvature conditions.
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Using the equations in (41) above, we have the following expressions for the ith input share
functions, si(y,p):

(44) si(y.p) = pi Xi(y,p)/C(y.p) = dInc(p)/dlnp; = o + Zj=1" yi Inp; ; i=1..N.

For j = i, differentiate the ith equation in (44) with respect to the log of p; and we obtain the
following equations:

(45) osi(y,p)/olnp; = pi A[xi(y,p)/C(y,p)])/oInp; = yij ; ]
Hence
(46) vij = pi O[xi(y,p)/C(y,p)]/dInp; P#]

= pip; [xi(Y,Pp)/C(y,p)]/Op;
= pip; {[L/C(y,p)1[oxi(y,p)/Epi] — Xi(y,p)[L/C(y.p)I*[C(y.p)/Epi]}
= [pixi(y,p)/C(y,p)I{oIn xi(y,p)/oInp;} — [pixi(y,p)/C(y,p)IL pixi(y,p)/C(Y.p)]
using Shephard’s Lemma, x(y,p) = 0C(y,p)/op;

= si(y,p){oInxi(y,p)/olnp;} — si(y,p) si(y.p)-

Equations (46) can be rearranged to give us the following formula for the cross price elasticities of
input demand:

(47) aInxi(y,p)/alnp; = [si(y.p)] ™ i + Si(y.P) ; i#].

Now differentiate the ith equation in (44) with respect to the log of p; and get the following
equations:

(48) vii = pi A[pixi(y,p)/C(y.p)1/opi i=1,..N
= pi {[xi(y,p)/C(y,p)] + [pi/C(y,p)1[oxi(y.p)/apil — [pixi(y,p)/C(y,p)*1[6C(y,p)/opil}
= pi {[xi(y,p)/C(y,p)] + [Pi/T(y.p)I[Exi(y,p)/apil — [pixi(y,p)/C(y.p)T[xi(y.p)]}
using Shephard’s Lemma, x;i(y,p) = 0C(y,p)/opi
= pi Xi(y,P)/C(y,p) + [pi Xi(y.p)/C(y.p)l[oInxi(y.p)/oInpi] — [pixi(y.p)/C(y.p)I
= si(y,p) + si(y,p)[aInxi(y,p)/aInpi] — si(y,p)>.

Equations (48) can be rearranged to give us the following formula for the own price elasticities of
input demand:

(49) alnxi(y,p)/olnp; = [si(y,p)] ™ vii + si(y.p) — 1 ; i=1,.N.

Thus given econometric estlmates for the o and y;;, which we denote by a;i and y.J , the estimated
or fitted shares in period t, ;" are defined using these estimates and equations (44) evaluated at the
period t data:

(50) Sit* = Oti* + ijlN Yij* |I’]pjt ; i=1,..,N;t=1,..,T.
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Now use equations (47) evaluated at the period t data and econometric estimates to obtain the
following formula for the period t cross elasticities of demand, e

(51) e = dlnxi(y',p")/olnp; = [si 1 vy + 5" ; i .

Similarly, use equations (49) evaluated at the period t data and econometric estimates to obtain the
following formula for the period t own elasticities of demand, e;:

(52) eii' = olnxi(y',p")olnpi = [s T vii +sit -1 i=1,..N.

We can also obtain an estimated or fitted period t cost, C", by using our econometric estimates for
the parameters and by exponentiating the right hand side of the equation t in (40):

(53) C" =exp[Iny' + ap + Xi=1" o Inpit + (1/2) Zie™ Tj=1 yii” Inpit InpyT ; t=1,.T.

Finally, our fitted period t shares s;" defined by (50) and our fitted period t costs C" defined by (53)
can be used in order to obtain estimated or fitted period t input demands, x;", as follows:

(54) x" =C s Ipi'; i=1..N;t=1..T.

Given the matrix of period t estimated input price elasticities of demand, [e;], we can readily
calculate the matrix of period t estimated input price derivatives, Vpx(y',p') = V25,C(y',p'). Our
estimate for element ij of V2,,C(y',p") is:

(55) Ci" = e xi" Ip}'; ij=1,..N;t=1..T

where the estimated period t elasticities e;;' are defined by (51) and (52) and the fitted period t input
demands x;" are defined by (54). Once the estimated input price derivative matrices [Cijt*] have
been calculated, then we may check whether each of them is negative semidefinite using
determinantal conditions or by checking if all of the eigenvalues of each matrix are zero or
negative. Unfortunately, very frequently these negative semidefiniteness conditions will fail to be
satisfied for both the translog and generalized Leontief functional forms. Hence, in the following
section, we study a functional form where these curvature conditions can be imposed without
destroying the flexibility of the functional form.

5. The Normalized Quadratic Unit Cost Function.
The normalized quadratic unit cost function c(p) is defined as follows for p >> Oy:*®
(56) c(p) =b'p + (1/2)p"Bp/aip

where b" = [by,...,.bn] and o = [oy,...,an] are parameter vectors and B = [bij] is a matrix of
parameters. The vector o and the matrix B satisfy the following restrictions:

¥ This functional form was introduced by Diewert and Wales (1987; 53) where it was called the Symmetric
Generalized McFadden functional form.  Additional material on this functional form can be found in Diewert and
Wales (1988a) (1988b) (1992) (1993).
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(57) a>0y;
(58) B =B ; i.e., the matrix B is symmetric;
(59) Bp* = Oy for some p* >> Oy.

In most empirical applications, the vector of nonnegative but nonzero parameters o is fixed a priori.
The two most frequent a priori choices for o are o = 1y, a vector of ones or o = (1/T) Yi=1' X', the
sample mean of the observed input vectors in the producer context or the sample mean of the
observed commodity vectors in the consumer context. The two most frequent choices for the
reference price vector p* are p* = 1y or p* = p' for some period t; i.e., in this second choice, we
simply set p* equal to the observed period t price vector.

Assuming that o has been predetermined, there are N unknown parameters in the b vector and
N(N-1)/2 unknown parameters in the B matrix, taking into account the symmetry restrictions (58)
and the N linear restrictions in (59). Note that the c(p) defined by (56) is linearly homogeneous in
the components of the input price vector p.

Another possible way of defining the normalized quadratic unit cost function is as follows:
(60) c(p) = (1/2) p"Ap/a’p

where the parameter matrix A is symmetric; i.e., A = AT = [a;] and o > Oy as before. Assuming
that the vector of parameters o has been predetermined, the c(p) defined by (60) has N(N+1)/2
unknown ajj parameters.

Comparing (56) with (60), it can be seen that (60) has dropped the b vector but has also dropped the
N linear constraints (59). It can be shown that the model defined by (56) is a special case of the
model defined by (60). To show this, given (56), define the matrix A in terms of B, b and a as
follows:

(61) A=B + [ba' +ab'].
Substituting (61) into (60), (60) becomes:

(62) c(p) = (1/2)p™{B + [ba." + ab"]}p/at’p
= (1/2)p"Bpla’p + (1/2) p'[ba” + ab'p/a’p
= (1/2)p"Bpla’p + (1/2){p"ba.'p + pTab 'p}Ha'p
= (1/2)p"Bpla’p + (1/2){2p ba p}a'p
= (1/2)p'Bpla’p +p'b

which is the same functional form as (56). However, we prefer to work with the model (56) rather
than with the seemingly more general model (60) for three reasons:

e The c(p) defined by (56) clearly contains the no substitution Leontief functional form as a
special case (simply set B = Onxn);
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e the estimating equations that correspond to (56) will contain constant terms and
e itis easier to establish the flexibility property for (56) than for (60).

The first and second order partial derivatives of the normalized quadratic unit cost function defined
by (56) are given by:

(63) Vpe(p) = b + (a'p) 'Bp — (1/2)(a"p) *p'Bpar ;
(64) VZppc(p) = (a"p) "B — (a"p) *Bpa.’ — (a"p) *ap'B + (o'p) " p'Bpaat’

We now prove that the c(p) defined by (56)-(59) (with a predetermined) is a flexible functional

form at the point p*. Using the restrictions (59), Bp* = Oy, we have p*'Bp* = p*'0y = 0. Thus
evaluating (63) and (64) at p = p* yields the following equations:

(65) Vec(p*) =b ;
(66) VZppc(p*) = (a'p*)'B.

We need to satisfy equations (16) and (17) above to show that the c(p) defined by (56)-(59) is
flexible at p*. Using (65), we can satisfy equations (16) if we choose b as follows:

(67) b= Vc*(p¥).

Using (66), we can satisfy equations (17) by choosing B as follows:

(68) B = (a'p*) Ve*(p*).

Since V2c*(p*) is a symmetric matrix, B will also be a symmetric matrix and so the symmetry
restrictions (58) will be satisfied for the B defined by (68). Moreover, since c*(p) is assumed to be
a linearly homogeneous function, Euler’s Theorem implies that

(69) VZc*(p*)p* = Ow.

Equations (68) and (69) imply that the B defined by (68) satisfies the linear restrictions (59). This
completes the proof of the flexibility property for the normalized quadratic unit cost function.

It is convenient to define the vector of normalized input prices, v’ = [vy,...,vn] as follows:

(70) v=(p"o) .

The system of input demand functions x(y,p) that corresponds to the normalized quadratic unit cost
function c(p) defined by (56) can be obtained using Shephard’s Lemma in the usual way:

(71) x(y.p) =y Ve(p).

Using (71) and (63) evaluated at the period t data, we obtain the following system of estimating
equations:
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(72) X'y = b + BV — (1/2)v''Bvia + €' ; t=1,..T

where x' is the observed period t input vector, y' is the period t output, v' = pY/a."p" is the vector of
period t normalized input prices and e' = [e:",....en"]" is a vector of stochastic error terms. Equations
(72) can be used in order to statistically estimate the parameters in the b vector and the B matrix.
Note that equations (72) are linear in the unknown parameters. Note also that the symmetry
restrictions (58) can be imposed in (72) or their validity can be tested.

Once estimates for b and B have been obtained (denote these estimates by b and B respectively);
then equations (72) can be used in order to generate a period t vector of fitted input demands, x'
say:

(73)x" =y'[b" + B'V' - (1/2Vv''B"V'a] ; t=1,..T.

Equations (64) and (71) may be used in order to calculate the matrix of period t estimated input
price derivatives, Vpx(y',p') = VZ5,C(Y,p"). Our estimate for VZ,,C(y',p") is:

(74) [Ci 1= Y (a'p) B" - (a'p) ?Bp'a” — (a'p) ?op™B” + (a'p) * p'Bplac’] ; t=1,...T.

Equations (73) and (74) may be used in order to obtain estimates for the matrix of period t input
demand price elasticities, [e;]:

(75) e = dlnxi(y',p")/élnp; = pi' Ci Ixi* ; ij=1..,N:;t=1..T

where x;" is the ith component of the vector of fitted demands x defined by (73).

There is one important additional topic that we have to cover in our discussion of the normalized
quadratic functional form: what conditions on b and B are necessary and sufficient to ensure that
c(p) defined by (56)-(59) is concave in the components of the price vector p?

The function c(p) will be concave in p if and only if VZc(p) is a negative semidefinite matrix for
each p in the domain of definition of c. Evaluating (64) at p = p* and using the restrictions (59)
yields:

(76) V’e(p*) = (o'p*)'B.

Since o > Oy and p* >> Oy, a'p* > 0. Thus in order for c(p) to be a concave function of p, the
following necessary condition must be satisfied:

(77) B is a negative semidefinite matrix.

We now show that the necessary condition (77) is also sufficient to imply that c(p) is concave over
the set of p such that p >> Oy. Unfortunately, the proof is somewhat involved.*®

9 The method of proof is due to Diewert and Wales (1987).
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Let p >> On. We assume that B is negative semidefinite and we want to show that VZc(p) is
negative semidefinite or equivalently, that — Vc(p) is positive semidefinite. Thus for any vector z,
we want to show that — z' V2c(p)z = 0. Using (64), this inequality is equivalent to:

(78) — (a'p) *z'Bz + (a'p) 2 z'Bpa'z + (a'p) ? z'ap'Bz — (a'p) 2 p'Bpz'an'z > 0 or
(79) - (a"p) *z'Bz — (a'p) > p'Bp(a'2)’ = — 2(a"p) 2 z2'Bpa'z using B =B".

Define A = — B. Since B is symmetric and negative semidefinite by assumption, A is symmetric
and positive semidefinite. Thus there exists an orthonormal matrix U such that

(80) UTAU = A ;
BLUU =1y

where Iy is the N by N identity matrix and A is a diagonal matrix with the nonnegative eigenvalues
of A, Ai, i =1,...,N, running down the main diagonal. Now premultiply both sides of (80) by U and
postmultiply both sides by U. Using (81), U = U™, and the transformed equation (80) becomes
the following equation:

(82) A= UAUT
— UAl/Z A1/2 UT
=UAY2UTU AY2UT since UTU = Iy
=SS

where A is the diagonal matrix that has the nonegative square roots ;% of the eigenvalues of A

running down the main diagonal and the symmetric square root of A matrix S is defined as
(83) S=UAY? U™

If we replace — B in (79) with A, the inequality that we want to establish becomes

(84) 2(a'p) 2’ Apa'z < 2'Az + (a"p) p'Ap(a'z)?

where we have also multiplied both sides of (79) by the positive number «'p in order to derive
(84) from (79).

Recall the Cauchy-Schwarz inequality for two vectors, x and y:

(85) x'y < (x"x)"*(yy)"*.

Now we are ready to establish the inequality (84). Using (82), we have:
(86) (a.'p) ™t z'Apa'z = (a'p) ™ 2'SSpa'z

< (ZTSSTZ)1/2 ([an]—Z [(XTZ]Z pTSTSp)l/Z
using (85) withx" =z'Sandy = (a'p)™* (a'z) Sp
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= (2'SS2)" ([a."p] 2 [o"2]? p"SSP) 2 usingS=S"
= (2"A2)Y2 ([a"p] [a"2]? p"Ap)*? using (82), A =SS
< (1/2)(2"Az) + (112)[ep] * ['2) (p"Ap)

using the nonnegativity of z' Az, p'Ap, the positivity of o'z

and the Theorem of the Arithmetic and Geometric Mean.

The inequality (86) is equivalent to the desired inequality (84).

Thus the normalized quadratic unit cost function defined by (56)-(59) will be concave over the set
of positive prices if and only if the symmetric matrix B is negative semidefinite. Thus after
econometric estimates of the elements of B have been obtained using the system of estimating
equations (72), we need only check that the resulting estimated B matrix is negative semidefinite.
However, suppose that the estimated B matrix is not negative semidefinite. How can one
reestimate the model, impose negative semidefiniteness on B, but without destroying the flexibility
of the normalized quadratic functional form?

The desired imposition of negative semidefiniteness can be accomplished using a technique due to
Wiley, Schmidt and Bramble (1973): simply replace the matrix B by

(87)B=—AA"
where A is an N by N lower triangular matrix; i.e., a;; = 0 if i < j.%°

We also need to take into account the restrictions (59), Bp* = On. These restrictions on B can be
imposed if we impose the following restrictions on A:

(88) Ap* = 0Oy.

To show how this curvature imposition technique works, let p* = 1y and consider the case N = 2.
In this case, we have:

A= |:a11 0 j| and AT — |:a11 a21:|
a'21 a'22 0 a22

+a 0
The restrictions (88) become: A" 1, = {a“a 21} = {0}
22

and hence we must have a,; = — a;1 and a,» = 0. Thus in this case,

? Since z'AA"z = (A"2)"(Az) = y'y > 0 for all vectors z, AAT is positive semidefinite and hence — AAT is negative
semidefinite. Diewert and Wales (1987; 53) show that any positive semidefinite matrix can be written as AAT where A
is lower triangular. Hence, it is not restrictive to reparameterize an arbitrary negative semidefinite matrix B as — AA'.
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_ 2 .2 B
(B9)B=-AAT=—| % O Thi)_ A cdn el b))
et 0 0 0 —a;; a; 1 -1

Equations (892 show how the elements of the B matrix can be defined in terms of the single
parameter, a;1°. Note that with this reparameterization of the B matrix, it will be necessary to use
nonlinear regression techniques rather than modifications of linear regression techniques. This
turns out to be the cost of imposing the correct curvature conditions on the unit cost function.

In the following section, we indicate how the functional forms described in sections 2-4 above can
be adapted to estimate consumer preferences.

6. The Estimation of Consumer Preferences: The General Framework

The cost function and production function framework described in the previous sections can be
readily adapted to the problem of estimating consumer preferences: simply replace output y by
utility u, reinterpret the production function f as a utility function, reinterpret the input vector x as a
vector of commodity demands and reinterpret the vector of input prices p as a vector of commodity
prices. With these changes, the producer’s cost minimization problem (12) becomes the following
problem of minimizing the cost or expenditure of attaining a given level of utility u:

(90) C(u,p) = ming {p"x : f(x) > u }.

If the cost function is differentiable with respect to the components of the commodity price vector
p, then Shephard’s (1953; 11) Lemma applies and the consumer’s system of commodity demand
functions as functions of the chosen utility level u and the commodity price vector p, x(u,p), is
equal to the vector of first order partial derivatives of the cost or expenditure function C(u,p) with
respect to the components of p:

(91) x(u,p) = V,,C(u,p).
The system of demand functions x(u,p) defined in (91) are known as Hicksian?* demand functions.

Thus it seems that we can adapt the theory of cost and production functions used in sections 2-4
above in a very straightforward way and estimate consumer preferences in exactly the same way
that we estimated production functions or their dual cost functions. Thus we need only replace
period t output, Y, by period t utility, u', in the estimating equations (21) (for the generalized
Leontief cost function) and (72) (for the normalized quadratic cost function) and reinterpret the
resulting equations. However, there is a problem: the period t output level y' is an observable
variable but the period t utility level u' is not observable!

However, this problem can be solved. We need only equate the cost function C(u,p) to the
consumer’s observable expenditure in the period under consideration, Y say, and solve the
resulting equation for u as a function of Y and p, say u = g(Y,p). Thus u = g(Y,p) is the solution to:

2! See Hicks (1946; 311-331).
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92) C(up)=Y
and the resulting solution function g(Y,p) is the consumer’s indirect utility function. Now replace

the u in the system of Hicksian demand functions (91) by g(Y,p) and we obtain the consumer’s
system of (observable) market demand functions:

(93) x = VpC(g(Y.p).p).

We will illustrate how this general framework can be implemented in the context of several specific
functional forms for the cost function.

7. The Generalized Leontief Cost Function for Homothetic Preferences.

We illustrate the above procedure for the generalized Leontief cost function defined in section 2
above. For this functional form, equation (92) becomes:

(94) u Zies TN by pi P = Y (bij = bj; for all i and j)

and the u solution to this equation is:

95) u=g(Y.p) = Y/[Ziet s by pit2 p2].

Substituting (95) into (91) leads to the following system of market demand functions:
(96) xi = [Zj=1" bij (pifp)*] Y/[Ziza V=™ by pit’? pit1 i=1,..N.

Evaluating (96) at the period t data and adding a stochastic error term e;' to equation i in (96) for i =
1,...,N leads to the following system of estimating equations:*

(97) xi' = [Zjea™ by (/p)2] YV[Ziea"Tjea™ by (o) ()] + e t=1..T;i=1..N.
8. The Normalized Quadratic Cost Function for Homothetic Preferences.

We can also illustrate the above procedure for the normalized quadratic cost function defined in
section 4 above. For this functional form, equation (92) becomes:

(98) u[b'p + (1/2)(c'p) "P'BpPI = Y
and the u solution to this equation is:

(99) u=g(Y,p) = Y/[b"p + (1/2)(c"p)"p'Bpl.

%2 Since Y' will typically equal Y, pi'', it can be verified that the errors in (97) for any period t cannot be
independently distributed since they must satisfy the restriction Y-, pi'e{ = 0 for each t; see (104) below. It is also
necessary to impose a normalization on the by since the right hand side of each equation in (97) is homogeneous of
degree 0 in the b;. We will deal with the normalization problem in section 9 below.
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Substituting (99) into (91) leads to the following system of market demand functions:
(100) x = [b + Bv — (1/2)v'Bva][(a'p) 1Y1/[b'V + (1/2)v'BV]
where v = (a.'p)'p = p/ap is the vector of normalized prices. Evaluating (100) at the period t data

and adding a vector of stochastic error terms e' to the system of equations (100) leads to the
following system of estimating equations:

(101) X' = [b + BV — (1/2Vv'BV'o][(a'p) LYY/ [b'V + (L2VTBV] +€e';  t=1,..T
where V' = p'fa'p' fort=1,...,T.

In practice, period t “income” Y' is defined to be period t expenditure, p"'x' = i1 Npi'xi"; i.e., we

have:

(102) Y= pTx' = Tieg "pi'xi'; t=1,.T.

However, the identities (102) create some econometric difficulties: namely, we cannot assume that
all of the error terms, e;', in each period are independently distributed. Thus if we premultiply both
sides of equation i for period t in (97) by pi' and sum over i, we obtain the following identity using
(102):

(103) Y'=Y'+ X" pileit; t=1,..T

which in turn implies that the period t error terms e;' satisfy the following exact identity:

(104) iV pilei = 0 ; t=1..T.

In a similar fashion, premultiply both sides of the period t equation in (101) by p'", we obtain the
following equations:

(105) p'x' = p‘T[b +BV' - (1/2)vtTBv a][(a"p) Y[V + (12)VvTBV] + pTTe';  t=1,.Tor
Yt = ptT o p (a'ph) ™t [b + BV - (1/2)vtTBv o][(a"p") Y[V + (1/2)vtTBv] +p'le t or

Y' =vT a'p'[b + BV — (1/2)vTBV'a][(a"p") Y J/[b TV + (1/2)vTBVY] + p'et or
Y' =V [b + BV — (12vBV'a][YJ/[b'V' + (1/2)v''BVY] + pTe* or
Y'= bV + (W2VTBV[YY/[bTV + (1/2)vTBV] + pe! or
Y'= Y+ pllet

which in turn implies that the period t error term vector e' satisfies the following exact identity, p''e"

=0fort=1,..,T, which is the same identity as (104).

Thus for both the generalized Leontief and the normalized quadratic cost function models the
period t error vectors satisfy an exact identity and hence in both models, we must drop one
estimating equation; i.e., we must drop one of the estimating equations in (97) and one of the
estimating equations in (101). Thus there are some differences between the cost function models in
the producer context and in the consumer context.
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9. The Problem of Cardinalizing Utility.

There is another significant difference between the producer models discussed in the previous
sections and the consumer models discussed in the present section. Look closely at the estimating
equations (97) and (101). From (97), it can be seen that the right hand side explanatory variables
are homogeneous of degree O in the bj coefficients. Thus the regression will not be able to
determine the scale of the bj; parameters. Similarly, by looking at the right hand side of (101), it
can be seen that the right hand side explanatory variables are homogeneous of degree 0 in the
components of the b vector and the B matrix. Thus the regression will not be able to determine the
scale of the parameters in b and B. This indeterminacy means that we require at least one
additional restriction or normalization on the parameters of each of these models. Basically, what
we have to do is cardinalize our measure of utility in some way.

There are two simple ways of cardinalizing utility®:

e Pick a positive reference quantity vector x* >> Oy. Let the period t consumption vector x' be on
the indifference surface 1(x") = {x: f(x) = f(x)}. Let A'x* be on the I(x) indifference curve.
Then measure period t utility as A"

e Pick a positive reference price vector p* >> Oy. Then normalize the consumer’s cost function
C(u,p) so that it has the following property:

(106) C(u,p*) = u forall u> 0.

The meaning of (106) is that if the consumer faces the reference price vector p*, then his or her
utility will be equal to his or her “income” or expenditure on commodities at those reference prices.
Thus if relative prices never changed, the consumer’s utility is proportional to the size of the
observed budget set. This serves to cardinalize utility for all consumption vectors. Samuelson
(1974) called this type of cardinalization of utility, money metric utility.?*

We will follow the money metric method of scaling utility. For the generalized Leontief model, the
restriction (106) implies the following normalization of the bj;:

(107) zilezjle blj pi*1/2 pj*l/2 =1

For the normalized quadratic model, the restriction (106) implies the following normalization of the
components of the b vector and the B matrix:

(108) b™p* + (1/2)p*"Bp*/o.'p* = 1.

If we choose the reference vector p* in (106) to be the same as the reference vector p* which
occurred in (59), then Bp* = Oy and the cardinalization restriction (108) becomes:

(109) b'p* = 1.

%% The two methods are equivalent in the case of homothetic preferences.
% The basic idea can be traced back to Hicks (1941-42).
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Problems.

8. Adapt the translog unit cost function model presented in section 3 above to the consumer
context. Hint: equations (42) do not depend on utility! However, you need to choose p* in a
specific way in order to impose money metric utility scaling.

9. Suppose the consumer’s cost function has the following form:

() C(u,p) = uc(p)

where c(p) is a well behaved unit cost function. Assuming that c(p) is differentiable, show that the
consumer’s system of market demand functions has the following form:

(i) x(Y.p) =Y Vie(p)ie(p).

Show that olnx;(Y,p)/oInY =1 fori = 1,...,N; i.e., if the consumer has preferences given by (i), then
all income elasticities of demand are one! This contradicts Engel’s Law; i.e., that the

income elasticity of demand for food is less than one.

10. Modeling Nonhomothetic Preferences.

Problem 9 above shows that the assumption that the utility function is linearly homogeneous (the
homothetic preferences assumption) is not a good assumption from the empirical point of view.
Hence we need to generalize our functional forms in order to accommodate nonhomothetic
preferences.

Let C*(u,p) be an arbitrary twice continuously differentiable cost function that satisfies money
metric scaling at the positive reference price vector p* >> Oy; i.e., C* satisfies:

(110) C*(u,p*) =uforallu>0.

Let c(p) be a flexible unit cost function. Then Diewert (1980; 597) showed that the following
functional form could approximate C* to the second order at (u*,p*) where u* > 0:

(111) C(u,p) =a"p + uc(p)

where the vector of parameters a can be chosen to satisfy the following restriction:
(112) a’p* = 0.

The parameters of the unit cost function also satisfy the following restriction:

(113) c(p*) = 1.
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In order to derive the system of market demand functions that corresponds to the cost function
defined by (111), we again set C(u,p) equal to “income” Y and solve for the u = g(Y,p) solution:

(114) u = [Y - a"pl/c(p).

The system of Hicksian demand functions that corresponds to the cost function defined by (111) is
as usual obtained using Shephard’s Lemma:

(115) x(u,p) = VpC(u,p) = a + uVpc(p).

Now replace u in the right hand side of (115) by the right hand side of (114) and we obtain the
consumer’s system of market demand functions:

(116) x(Y,p) = a + V,c(p)[Y — a'pl/c(p).

Letting c(p) = Yi=1"Yj=1" bij pi”? pi” be the generalized Leontief unit cost function, the system of
market demand functions (116) becomes, after adding stochastic error terms:

(117) xi* = a + {[Zj=1" by (py7p) 10" ~ Zer "V [Zie Tyt by (1) (pj‘)1’2]1+e+‘:. LN
t=1,..,T;1=1..N.

One of the a; needs to be eliminated from the estimating equations (117) using the restriction a'p*
= 0 and one of the bjj needs to be eliminated using the restriction c(p*) = 1 in order to obtain the
final system of estimating equations. However, if period t “income” Y' is equal to period t
expenditure on the commodities, p'x', then as before, we can only use N-1 of the N equations in
(117) as estimating equations.

Letting c(p) = b'p + (1/2)(ca.'p) p"Bp be the normalized quadratic unit cost function (with b'p* = 1
and Bp* = Oy), the system of market demand functions (116) becomes, after adding stochastic error
terms:

(118) x' = a + {[b + BV' — (12" BVio][(a"p) I[Y - a'p/[b"V' + 12V BV} + €' t=1,..T

where V' = pY/a'p' for t = 1,....T. Obviously, nonlinear regression techniques have to be used in
order to estimate the unknown parameters in the system of estimating equations (118). One of the
aj needs to be eliminated from the estimating equations (118) using the restriction a'p* = 0 and one
of the b; needs to be eliminated using the restriction b'p* = 1 in order to obtain the final system of
estimating equations. However, if period t “income” Y' is equal to period t expenditure on the
commodities, p"x', then as before, we can only use N-1 of the N equations in (118) as estimating
equations. If the estimated B matrix turns out to be not negative semidefinite, then we need to
replace B by — AAT where A is a lower triangular matrix satisfying Ap* = O.

11. The Use of Linear Spline Functions to Achieve Greater Flexibility.

Although the above model is flexible around the point p*, as we move away from p*, the model
(118) may not fit the data very well. If the plots of the actual and fitted values using the normalized
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quadratic model defined by the estimating equations (118) have a zig-zag appearance, then it may
be worthwhile to try a linear spline model. We will indicate below how a two segment linear
spline model can be implemented. For more details (and an extension to 3 segments instead of 2),
see Diewert and Wales (1993; 81-85).

We redefine the normalized quadratic cost function C(u,p) as follows:
(119) C(u,p)=a'p+u(1/2)(a'p)"p'Bp +d(u, p)

where a satisfies a'p* = 0 and o and B satisfy the restrictions (57)-(59). The function d(u, p) is
defined as follows:

(120) d(u,p) =ub'p for0<u<u*
=u*h'p + (u—u*)f'p for u* <u.

where b" = [by,....bn] and ' = [fy,...,fx] parameter vectors to be estimated and u* is a break point
level of utility to be chosen by the investigator. The vectors b and f satisfy the restrictions:

(121) b'p*=1;f'p*=1.

How should one pick the break point u*? We examine the plots of the regression model defined by
(118) and look for an observation number where the plot changes from a zig to a zag. Suppose that
this observation number is t*. Now compute index numbers of utility using the price and quantity
data and determine what level of utility corresponds to the chosen observation and set this level
equal to u*. This choice of u* will work satisfactorily if the observations which precede the chosen
observation have estimated indirect utilities which are equal to or less than u* and the remaining
observations have indirect utilities that are greater than u*.

The estimating equations for the first t* observations will still be given by (118); i.e., for the first t*
observations, our estimating equations are:

(122) x' = a + {[b + Bv' — (L/2v'"BVio][(a'p) I[Y - a"p)/[b"V' + (12 BV} +€'; t=1,..t*
where as usual, V' = pap'.

In order to obtain the estimating equations for the last T — t* observations, we need to form the
Hicksian demand functions and calculate the indirect utility function. If t > t*, then the Hicksian

demand functions that correspond to the functional from defined by (119) and (120) are:

(123) X(u,p) = VyC(u,p) =a + u[(a'p) 'Bp — (1/2)(c"p) *p"Bpa] + u*b + (U — u)f
= a+ u*b — u*f + u[f + (a'p) *Bp - (1/2)(a."p) ?p'Bpoa].

For t > t*, the indirect utility function u = g(Y,p) can be obtained by solving C(u,p) = Y. The
solution is:

(124)u=[Y —a'p —u*b"p + u*f'p)/[fp + (1/2)(c."p) *p ' Bp].
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Now substitute (124) into (123) in order to obtain the consumer’s market demand functions for
periods t > t*. After adding stochastic error terms, we obtain the following estimating equations:

(125) X' = a + u*b — u*f
+ {[f + BV' — (1/2v''BV'a][(a"p) HI[Y - a'p' — u*b'p" + u*f pY[FV + (1/2)VTBV]} + €
fort*<t<T.

Although the estimating equations (125) look rather formidable, they can be programmed with a bit
of effort. The most difficult part of implementing the above spline model is choosing the “right”
observation at which the break point occurs.

As usual, if “income” Y' in period t is equal to expenditure p''x', then we must drop one equation in
the system of estimating equations (122) and (125). Finally, if the estimated B matrix is not
negative semidefinite, then the model should be rerun, setting B = — AA", where A is lower
triangular and satisfies the restrictions A'p* = Oy

12. The Estimation of Unit Profit Functions: The General Framework.
Recall problems 1 to 5 above, which introduced the capital requirements function, F(y), which

gives the minimum amount of capital k that is required to produce the vector of net outputs y. The
corresponding variable profit (or operating profit) function V(k,p) can be defined as follows:

(126) V(p.K) = max,{p'y : k=F(y)}

If commodity i is an output, then y; > 0; if commaodity i is an input, y; < 0. The available capital is
k>0.

The function V(p,k) must be linearly homogeneous and convex in p for fixed k. The economy's

system of profit maximizing supply and demand functions y(p,k) can be obtained by differentiating
V(p.k) with respect to the components of p: (Hotelling’s (1932) Lemma):

(127) y(p.k) = VpV(p.kK).
The convexity property of V in p implies that:
(128) Vpy(p.k) = VzppV(p,k) IS a positive semidefinite matrix.

If the capital requirements function F(y) is linearly homogeneous (so that the technology exhibits
constant returns to scale), then V(p,k) has the following property:

(129) V(p,k) = V(p,1)k.

The unit profit function v(p) is the gross return to capital we can achieve using one unit of capital;
i.e., define v as:
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(130) v(p) =V(p,1).

With a constant returns to scale technology, we have V(k,p) = kv(p) so that we need only pick a
functional form for the unit profit function v. It turns out that we can use the functional forms for
unit cost functions, c(p), that we defined in sections 2-4 above as functional forms for the unit
profit function v(p). The only change that we need to make is that the concavity in p property for
the unit cost function c(p) must be replaced by a convexity in p property for the unit profit function
v(p). We illustrate the use of some of the unit cost functional forms in the sections below.

13. The Translog Variable Profit Function with Constant Returns to Scale.
The translog unit profit function, v(p), is defined as follows:
(131) Inv(p) = ap + Ti=a" o Inp; + (1/2) Ti=s™ Xzt vij Inpi Inp;

where the parameters o; and y;; satisfy the following restrictions:

(132) yij = vji ; 1<i<j<N; (N(N-1)/2 symmetry restrictions)
(133) YN =1; (1 restriction)
(134) Y=V v =0; i=1,.,N (N restrictions).

Suppose that in period t, observed capital input is k', the vector of observed output and variable
input prices is p' >> Oy and the vector of observed net output supplies y' > Oy. Thus the period t
observed variable profit or gross return to capital is>:

(135) V' =p"y' = Xisy " pilyi.
The log of (129) can act as an estimating equation:

(136) InV' = Ink" + 0g + Ti=1" o Inp;* + (1/2) Tizs™ Zja™ v Inpi* Inpy* + o' ;
(137) |ﬂ[Vt/kt =g+ Zile Ol |I‘]pit + (1/2) Zile ijlN Yij |I’1pit |I’]pjt + eot ;

Note that (137) is linear in the unknown parameters. As in section 3 above, the old estimating
equations (42) can be adapted to yield the following estimating equations in the present context:

(138) si' = pi'yiIV' = a; + ijlN Yij |I‘]pjt +e; i=1,.,N.
As in section 3, only N — 1 of the N estimating equations in (138) are statistically independent.

Unfortunately, the above model is not adequate for empirical applications. The problem is that the
economy becomes more efficient over time and more output is produced using the same amount of
input; i.e., there is technical progress. Thus we generalize the translog unit profit function defined
by (131) to include time trends to try and capture the effects of technical progress. Thus we now
define the period t unit profit function v(p,t) as follows:

% It is important to check that V' > 0 for each observation t.
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(139) Inv(p,t) = ag +Bot + Ti=a" o Inp; + (1/2) Tizs" Tj=1™ yij Inpi Inp; + Zi=s™ Bi tinp;

where the parameters o; and y;; satisfy the restrictions (132)-(134) and the new B; parameters satisfy
the following restriction®:

(140) >N Bi = 0.

Using this new definition for v(p,t), defining V(k,p,t) = kv(p,t) and using the general methodology
explained above, our initial estimating equations (137) and (138) are replaced by the following
estimating equations:

(141) In[VYK'] = 0o + Bot + Ti=1" o Inpit +(1/2) izt Tj=a™ vii Inpit Inpjt + Zizs™ Bi tinpi* + eg’;
(142) Sit = pityit/Vt =q;+ ijlN Yij |I’lpjt + Bit + eit ; i=1,..,N;t=1,..,T.

As in section 3, only N — 1 of the N equations in (142) can be used in the estimation.

We have not substituted the restrictions (132)-(134) and (140) into the estimating equations, (141)
and (142). We now do this for the case N = 4 in order to show how explicit estimating equations
can be derived. We use the restriction (133), Yi=1* oi = 1, in order to eliminate the parameter ay
and we use the restriction (140), Yi=1* Bi = 0, in order to eliminate Bs. Finally, we use the
restrictions (132) and (134) in order to eliminate the parameters yis and v for i = 1,...,4. With these
restrictions imposed, the estimating equation (141) becomes:

(143) In[V'/ps'KT = o0 + Pot + i=s® o IN(pi/pa)+ izs® Bitn(pi'fpa’) + (1/2)Zi=1® vii [In(pi'/pa)]?
+ Yier® Yjer® i vig NP4 IN(p;7pa) + € t=1,.,T.

Dropping the last equation in (142) and eliminating the yis leads to the following system of
estimating equations when N = 4:

(144) Sit = pityit/Vt =qo;+ ijlg Yij In(pjt/p4t) + Bit + eit ; i=1,..3;t=1,.T.

The unknown parameters in (143) and (144) are oy, o4, o2, 03, Bo, B1, B2, Bs, Y11, Y22, Y33, Y12, Y13 and
Y23 Or 14 parameters in all. Note that all of the unknown parameters occur in the estimating
equation (143). This fact often creates econometric problems. With a great number of parameters
in equation (143), the fit will tend to be good but due to multicollinearity, the parameters will not
be very accurately determined using this equation. However, two stage estimation procedures (or
maximum likelihood estimation) will tend to give the first equation undue weight in the system
estimation procedure (due to the low variance in the first equation) and hence, very inaccurate
estimates of the parameters can result.

We now return to the case of a model with a general N. Our old formulae (47) and (49) in section 3
above for obtaining elasticities of demand can be adapted in a straightforward manner to give us the

% This restriction is required in order to ensure that v(p) is linearly homogeneous in the components of p.
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following formulae for the elasticities of net supply for variable inputs and outputs. The formulae
for the cross price elasticities of net supply are given by:

(145) alnyi(k,p)/alnp; = [si(y.p)] ™ vij + si(y.p) ; i =],

The formulae for the own price elasticities of net supply are given by:

(146) alnyi(k,p)/élnp; = [si(y.p)] ™" i + Si(y.p) — 1 ; i=1...N.

Thus given econometric estimates for the o, Bi and vyij, which we denote by o, Bi and 'Yij*, the

estimated or fitted shares in period t, s;" are defined using these estimates and equations (142)
evaluated at the period t data:

(147) s = o +Bit+ =1 i Inpyt; i=1..N;t=1..T.

Now use equations (147) and (145) evaluated at the period t data and econometric estimates to
obtain the following formula for the period t cross elasticities of net supply, ;"

(148) e;j' = dlnyi(K',pY)/olnp; = [s Ty +5° ; i#]j.

Similarly, use equations (146) evaluated at the period t data and econometric estimates to obtain the
following formula for the period t own elasticities of net supply, e;i"

(149) eii' = alny;(K',p)/olnpi = [sF ] i +s —1; i=1,..N.
We can also obtain an estimated or fitted period t variable profits or gross return to capital, V', by
using our econometric estimates for the parameters and by exponentiating the right hand side of the

equation t in (141):

(150) VY= (E,‘Xp[“’lkt + Oto* + tBo* + Zile oci* Inpit + Zile Bi* tlnpit +(1/2) Zile ijlN Yij* |I’]pit Inpjt] ;
t=1,.,T.

Finally, our fitted period t shares s defined by (147) and our fitted period t Qrofits V" defined by
(150) can be used in order to obtain estimated or fitted period t net supplies, yi", as follows:

(151) yi* = Vs ipt; i=1..,N;t=1,.T.

Given the matrix of period t estimated price elasticities of net supply, [e;], we can readily calculate
the matrix of period t estimated net output price derivatives, V,y(K',p") = VZ,,V(K',p'). Our estimate
for element ij of VZ,,V(K',p') is:

(152) Vi = et vi Ipi'; ij=1..,N:;t=1..T

where the estimate*d period t elasticities ;' are defined by (148) and (149) and the fitted perigd t net
output supplies yi© are defined by (151). Once the estimated price derivative matrices [Vi,-t] have
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been calculated, then we may check whether each of them is positive semidefinite using
determinantal conditions or by checking if all of the eigenvalues of each matrix are zero or positive.

There remains the problem of measuring the effects of technical progress. Using (139) in order to

define V(k,p,t) = kv(p,t), then differentiating V(Kk,p,t) with respect to time t and evaluating the
resulting expression at the period t data yields:

(153) alnV(k,p,t)/ot = B + Xi=1" Bi Inpit=T'; t=1,..T.

The right hand side of (153), T', is our desired measure of technical progress going from period t—1
to period t: it gives us an estimate of the percentage increase in variable profits due to the
improvements in technology going from period t—1 to period t.2’

In the following section, we generalize the translog model to allow for nonconstant returns to scale.

14. The Translog Variable Profit Function with Nonconstant Returns to Scale.

The period t translog variable profit function is now defined as follows:

(154) In V(k,p,t) = 0 +Pot + Zile o Inp; + Zile Bit Inp; + (1/2) Zile ijlN vij Inpi Inp;
+ 8 Ink + i1V &; Ink Inp; + (1/2) & [Ink]?

where the parameters o, and y;; satisfy the restrictions (132)-(134), the B; parameters satisfy (140)
and the new &; parameters satisfy:

(155) Yi=1" 8 = 0.

The above restrictions ensure that the functional form is homogeneous of degree on in the prices p.
Comparing our new more general translog with the constant returns to scale function defined in the
previous section, we see that we have added N new independent & parameters and one new ¢
parameter.?®

Obviously, we can use (154) as an estimating equation. Defining V' = p"y* as in the previous
section and evaluating (154) at the period t data, we obtain the following estimating equation:

(156) In Vt = Qg +B0t + Zile O Inpit + Zile Bi tlnpit + (1/2) Zile Zj:lN Yij Inpit Inpjt
+ 80 Ink' + Zies™ & Ink Inpi* + (1/2) & [Ink")? ; t=1,.T.

%7 Since payments to capital are typically only about one third the size of payments to labour, it will turn out that
“reasonable” estimates of technical progress T' will be about 3 times the size of our index number estimates of total
factor productivity growth. The total factor productivity growth rate is the rate of growth of outputs divided by the rate
of growth of inputs, where the inputs are taken to be labour and capital services. Hence the denominator in this
estimator of technical progress is approximately three times as big as the implicit denominator in T' which is just
capital input.

% Thus if N = 4, we will have 19 independent parameters in all.
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We need to eliminate the redundant parameters in (156) as was done in the previous section for the
case N = 4. This leads to the following estimating equations: fort=1,...,T:

(157) In (VYpn") = ap +Bot + Xica™ ™ o In(pi/pnt) + Ziza™* Bit In(pi/pnt) +
(1/2) TietV =™ i Inoitpn)In(p;pnt) + 8o Ink' + iz & Ink® In(pi/pn') + (1/2) & [Ink']2.

Differentiating V(k,p,t) with respect to the components of the price vector p and using Hotelling’s

Lemma leads to the following share equation counterparts to equations (142) in the previous
section:

(158) si' = Py V' = i + Bit + Tyt i In(pi/pn’) + & Ink' + &' ; i=1,..N-1;t=1,..T.
Note that we have only N-1 independent estimating equations in (158).

It turns out that the formulae (145) and (146) in the previous section are still valid formulae for the
cross price elasticities of net supply. Hence given econometric estimates for the o, Bi, di, € and the
vij, which we denote by a;’, i, &, € and y;j, the estimated or fitted shares in period t, s are
defined using these estimates and equations (158) evaluated at the period t data:

(159) si" = oy + Bit+ =1 v Inp;t + &; InkS; i=1,..,N;t=1..T.

Now use equations (159) and (145) evaluated at the period t data and econometric estimates to
obtain the following formula for the period t cross elasticities of net supply, ;"

(160) e;j' = dlnyi(K',pY)/olnp; = [s Ty +5° ; i#]j.

Similarly, use equations (146) evaluated at the period t data and econometric estimates to obtain the
following formula for the period t own elasticities of net supply, e;i"

(161) eii' = alnyi(K',p)/olnpi = [sT] i +s —1; i=1,..N.
We can also obtain an estimated or fitted period t variable profits or gross return to capital, V', by
using our econometric estimates for the parameters and by exponentiating the right hand side of the

equation t in (157):

(162) VY= (E,‘Xp[h’lkt + Oto* + tBo* + Zile oci* Inpit + Zile Bi* tlnpit +(1/2) Zile ijlN Yij* |I’]pit |I’]pjt
+ 80 Ink' + i &; Ink' Inpi* + (1/2) & [Ink']] t=1,.T.

Our fitted period t shares s defined by (159) and our fitted period t pIofits V" defined by (162)
can be used in order to obtain estimated or fitted period t net supplies, yi", as follows:

(163) yi' =V s Ipit ; i=1..,N:;t=1,.T.

Given the matrix of period t estimated price elasticities of net supply, [e;], we can readily calculate
the matrix of period t estimated net output price derivatives, V,y(K',p") = VZ,,V(K',p'). Our estimate
for element ij of VZ,,V(K',p') is:
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(164) Vijt* = eijt yit*/pjt ; I,J =1, N:t=1,.T

where the estimated period t elasticities eijt are defined by (148) and (149) and the fitted period t net
output supplies yi" are defined by (163). Once the estimated price derivative matrices [Vi,-t*] have
been calculated, then we may check whether each of them is positive semidefinite using
determinantal conditions or by checking if all of the eigenvalues of each matrix are zero or positive.

Differentiating V(k,p,t) with respect to time t and evaluating the resulting expression at the period t
data yields:

(165) alnV(k,p,t)/ot = B + Xi=1" Bi Inpit=T'; t=1,..T.
i.e., we obtain the same measure of technical progress that we obtained in the previous section.

There remains the problem of defining a measure of returns to scale. The measure we will use is
one that calculates the percentage change in variable profits due to a one percent change in the use
of capital. Thus our measure of returns to scale in period t is:

(166) R' = aInV(k,p,t)/dInk = 8, + Yi=1" &; Inpit + € Ink'; t=1,..T.

Note that if we set 6o = 1, e = 0 and & = 0 for i = 1,...,N, then the model in this section collapses
down to the model presented in the previous section. Under these restrictions, it can be seen that R'
=1, i.e., we have constant returns to scale.

When the above translog model is implemented, usually two things happen:

e The curvature conditions fail at one or more observations; i.e., the estimated period t
substitution matrix [Vi,-‘*] defined by (164) above fails to be positive semidefinite at one or more
periods t and

e The estimates for the returns to scale R' and for technical progress T are not reasonable.

The reason why we cannot usually determine accurate estimates for returns to scale and for
technical progress is that usually k grows fairly smoothly through the sample period and hence the
variables k and t tend to be highly multicollinear and so our estimates for R' and T' are not very
well determined.

Thus in subsequent sections, we will impose constant returns to scale. We will also turn to the
normalized quadratic functional form where the correct curvature conditions can be imposed
without destroying the flexibility of the functional form.

15. The Normalized Quadratic Unit Profit Function Model.
We adapt the normalized quadratic unit cost function defined by (56) in section 4 above into a unit

profit function. Thus define the production unit’s period t variable profit function V(k,p,t) as
follows:
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(167) V(k,p,t) = b'pk + (1/2)[p"Bp/a."p]k + c"ptk

where b" = [by,...,bn] and ¢" = [cy,...,cn] are parameter vectors and B = [bij] is a matrix of
parameters. The matrix B satisfies the following restrictions:

(168) B =B ; i.e., the matrix B is symmetric;
(169) Bp* = Oy for some p* >> Q.

The vector of parameters o = [as,...,an] is predetermined and satisfies o > Oy. We can adapt the
analysis presented in section 4 and show that a necessary and sufficient condition for V(k,p,t)
defined by (167) above to be convex in prices is that the matrix B be positive semidefinite.
Differentiating the normalized quadratic variable profit function defined by (167) with respect to
the components of the price vector p leads to the following system of net supply functions using
Hotelling’s Lemma:

(170) y(k,p,t) = VoV(K,p,t) = bk + [(a"p) "Bp — (1/2)(c"p) *p ' Bpalk + ckt.

Evaluating (170) at the period t data, dividing both sides by k' and adding a vector of errors €' leads
to the following system of estimating equations:

(171) y/k' = b + BV' — (1/2v'BV'a. + ct + e'; t=1,.T
where the vector of period t normalized prices is defined as v' = (a'p")p".

We have not substituted the restrictions (169) into the estimating equations (171). We shall do this
substitution below assuming that N = 4 and p* = 1,.

We use the restrictions (169) to solve for the bji in terms of the off diagonal b;;. Thus we have,
assuming that there are 4 variable commodities and p* = 1, and using B = B':

(172) byy =— b1y — b1z —baa;
(174) byo = — b1z — bz — bpa ;
(175) b3z = — b1z — bz — bag ;
(176) bas = — b1g — bag — bsa.
Using (172)-(176), we can write Bv as follows:

(177) [BV]T = [Zj=14b1jVj, Zj=14b2jVj , Zj:14b3jVj, Zj:14b4jVj]
= [-b12W12—D13W13—D14W14, D12W12—023Wa3—D24W24, D13W13+D23W23—D34W34, D14W14+D24W24+034W34]

where
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(178) wij=vVi-vj; i,j=1,23 4.
Premultiplying Bv by v' and using (177) and (178) yields the following formula:
(179) V'BV = — [D1a(W12)? + b13(Wi13)” + b1a(Wia)® + bog(W2z)” + Doa(Waa) + D3a(Was)?].

Now substitute (177) and (179) into (171) and we obtain the following system of estimating
equations® in the case where N = 4 and p* = 1y:

(180) yl:/k: =b;+cit— blzwlzz— blSWlBI_ b14W14 - (1/2) VEIBV o+ eli ;
(181) yzt/ kt =by+cot + b12W12t— b23W23t— boawas' — (1/2) VtTBV ap + € ;
(182) y3/K = b3+ Cat + biawig + baswos — b34W34 —(112) v''BV'as + €3';

(183) y4t/kt =by+cqt + bl4W14t + bz4W24t + b34W3 (1/2) VtTBV oy + e4t ;

1
e

=44

We need to also replace v'"BV' in equations (180)-(181) by the right hand side of (179) evaluated at
the period t data. The resulting estimating equations turn out to be linear in the unknown b;, ¢; and
bij parameters (4 plus 4 plus 6 equals 14 parameters in all).

Returning to the case of a general number of variable commodities N, we need to calculate the

matrix of net supply price derivatives. Differentiating (170) with respect to the components of p
yields the following matrix of price derivatives at period t:

(184) V,py(k',p't) = VV(K pLt) = (0'pY) H [B - BVia' — av''B + V' BViaa ' k' t=1,...,T
where, as usual, the vector of period t normalized prices is defmed as v = (a'p)'p". Once

estimates for b, c and B have been obtained (call these estimates b”, ¢ and B” respectlvely) we can
use equations (171) in order to obtain period t vectors of fitted net supply vectors y' :

(185) y* =K' b + BV' — (12" B Via + ¢ '] ; t=1,..T.
Equations (184) and (185) may be used to form estimated period t price elasticity matrices:
(186) [e;j] = [Olnyi(K',pt.t)y/elnp;] = [(pYyi")ayi(k',p't)/op] ; t=1,..T
where the derivative estimates dyi(k',p',t)/dp; can be obtained from (184).

An estimator of variable pIofits in period t, V", can be obtained as the inner product of the period t
fitted net supply vector y* defined by (185) and the period t vector of variable commodity prices,

p"

(187) V" =py"; t=1..T.

 An alternative system of estimating equations multiplies both sides of (180)-(183) by k'. This alternative system of
estimating equations often performs “better” in the sense that it leads to more reasonable estimates of net supply
elasticities. However, in theory, the original system of estimating equations (180)-(183) should have more
homoskedastic variances.
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Finally, a measure of period t technical progress T' can be defined as follows:
(188) T' = alnV(K' p',t)/ot = pTe kv t=1,.T.

Unfortunately, the estimated B” matrix may fail to be positive semidefinite. Hence, in the
following section, we adapt the technique used in section 4 above to impose the correct curvature
conditions on the B matrix.

16. The Normalized Quadratic Unit Profit Function Model with Curvature Imposed.

If the estimated B matrix turns out to be not positive definite, then we can rerun the model in the
previous section by replacing B by:

(189) B = AAT
where A is a lower triangular matrix which satisfies:
(190) ATp* = On.

For the case N = 4 and for p* = 14, we can use the restrictions (190) and the lower triangular
structure of A in order to eliminate the a;; as follows:

(191) @11 = — a1 —as1 — a1 ;
(192) agp =—azg; —as;
(193) azgz = — aus ;

(194) a4, = 0.

If we substitute (191)-(194) into (189), we obtain the following formulae for the bj; in terms of the
ajj:

(195) b11 = 3.112

(196) b, = a1 an
(197) b13 = dndaz
(198) bys = ag1a41
(199) by, = ap1” + a2,°

[a51 + aa1 + as]’
— [a21 + @31 + as1]az
— [a21 + @31 + as1]as:
— [a21 + @31 + as1]as
61212 + [as; + as]

(200) bas = a1831 + aza32 = 1831 — [a32 + as2]az
(201) bps = @x1841 + 80842 = ax1841 — [az2 + as2]as
(202) bss = 8.312 + 61322 + 8.332 = 3-312 + a322 + a432
(203) bsy = azias; + A3p842 + 33843 = A31841 + 3082 + Az’
(204) bas = 241" + agy” + aus” = g’ + A + s’

Now we need only replace the b;; parameters which occurred in the model of the previous section
by the formulae on the right hand sides of (195)-(204) and run the previous model as a nonlinear
regression. The parameters of the new model are the elements of the vectors b and ¢ (as before)
and the elements of the A matrix.
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Once the a;; have been estimated, the b;; parameters can be computed using (189) (or (195)-(204) if
N =4 and p* = 1,) and the elasticity formulae (186) and the estimates of technical progress (188) in
the previous section can be computed.

It turns out that we can use spline techniques in the production context as well as in the consumer
context. In the following section, we indicate how technical progress can be modeled using spline
techniques.

17. The Normalized Quadratic Unit Profit Function Model and the Use of Splines for
Modeling Technical Progress.

We adapt the normalized quadratic profit function defined by (167) in section 15 above into a
spline model. We illustrate the technique by developing the algebra for a model with two break
points. Thus define the production unit’s period t variable profit function V(k,p,t) as follows:

(205) V(k,p,t) = b'pk + (1/2)[p"Bp/a’p]k + d(k,p,t)

where b" = [by,...,by] is a parameter vectors and B = [by] is a matrix of parameters. The matrix B
satisfies the restrictions (168) and (169) and is positive semidefinite. As usual, the vector of
parameters o.' = [ay,...,on] is predetermined and satisfies o > Oy. The linear spline function d(k,p,t)
is defined as follows:

(206) d(k,p,t) = kcpt forl<t<tx
= ke'pt* + (t — t¥)kf'p for t* <t < tr*
= kept* + (t** — t*)kf'p + (t — t**)kg'p fort*><t<T

where ¢ = [cy,....en], ' = [f,....fn] and g7 = [g1,...,.gn]  are parameter vectors to be estimated. The
periods t* and t** are break points where the rate of technological change shifts from one regime to
another. These break points are to be chosen by the investigator.

Differentiating the normalized quadratic variable profit function defined by (205) with respect to
the components of the price vector p leads to the following system of net supply functions using
Hotelling’s Lemma:

(207) y(k,p,t) = VoV(Kk,p,t) = bk + [(a'p) "Bp — (1/2)(c"p) *p'Bpak + Vid(k,p.b).

Evaluating (207) at the period t data, dividing both sides by k' and adding a vector of errors ' leads
to the following system of estimating equations:

(208) y'/k' = b + BV' — (1/2)V''BV'a. + ct + €' ; t=1,..t%;
(209) y/k' = b + BV' — (1/2)V"BV'a + ct* + (t — t*)f +¢e'; t= e+, 00
(210) yY/k' = b + BV' — (L/2VTBV'aL + ct* + (t¥* — t*)f + (t —t**)g + €' ; t=t**+1,.T.
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where, as usual, the vector of period t normalized prices is defined as v' = (a.'p") *p". It can be seen
that the model defined by the estimating equations (208)-(210) is linear in the unknown parameters
(but their are cross equation equality constraints on the parameters in the B matrix).

It turns out that equations (184) are still valid in order to calculate the period t matrix of price
derivatives of net supply; i.e., we have the following matrix of price derivatives at period t:

(211) Vpy(k',p't) = VV(K pLt) = (0'p) [B - BVia' — av''B + V' BViaa k' t=1,..,T.

Obviously equations (208)-(211) can be used to generate fitted net supply vectors y* and then
equations (211) and (186) may be used to form estimated period t price elasticity matrices.

How should one pick the break points t* and t**? We examine the plots of the regression model
defined by (208)-(210) and look for an observation numbers where the plot changes from a zig to a
zag. Suppose that for most of the equations, these change of directions occur at periods t* and t**.
This will determine the break points. Additional break points can be added if necessary.

The period t measures of technical progress T' are defined as follows:

(212) T'= oInV(K',p" t)/ot = pTe kYVY ; t=1,.,t%
(213) T = alnV(K',p",t)/at = pF KYV" ; t=teHl L P
(214) T' = alnV(K',p',t)/ét = pTg KV ; t=t*+1,..,T.

Our estimates of the rate of technological change will change discontinuously as we cross the break
points, which is perhaps a disadvantage of this spline model.

Of course, if the estimated B matrix turns out to be not positive semidefinite, then we may replace
B by AAT as in the previous section.

18. Allowing for Flexibility at Two Sample Points
If we differentiate the normalized quadratic profit function defined by (167) above with respect to

the mth component of the price vector p, we obtain the following equation that describes the net
supply of commodity m as a function of the price vector p in period t:

(215) ym(k,p,t) = bk + cmtk + XN by (pi/a p)k — (1/2) o p Bp/(at'p)” k.

Now differentiate (215) with respect to p,, the nth component of the price vector p:
(216) OY(K,P,t)/OP = b k/&t'p — Xt buny 0 Py K/ (' P)* — Zjt” by 0tm pjk/(cr'p)”
+ (1/2) oot p'Bp k/(a"p)3..

Now turn (216) into the cross elasticity of net supply of commodity m with respect to a change in
the price of commodity n, emn:
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(217) emn(p,t) = [Pnlym] a¥m(kvp’t)/apn " o
= brn (Pr/ou P)(K/Ym) — [Pn /Ym] Zj=1" bmj otn pj K/ (' p)
— [Po/YmlZj=1" by atm Py K/(a ") + [pa/ym](1/2) ctmarn p'Bp k/(c"p)* .

Using the restrictions (169), the last three terms on the right hand side of (217) will be zero when p
= p* and thus, empirically, these last three terms will typically be small in magnitude. Thus, the
key determinant of the magnitude of the elasticity em, will typically be the first term on the right
hand side of (217), namely, bm, (Pn/o."p)(Klym). Of course, the parameter by, will be constant over
time but the other terms, p, (the price of commodity n), ym, (the net output of commodity m), k (the
amount of the “fixed” factor) and o."p (a fixed basket price index of all N variable input and output
prices) can all have substantial trends over our sample period. Thus, our chosen functional form
has built in these possible trends in elasticities.

A solution to this problem is readily at hand but at a cost in terms of using up degrees of freedom.
We have followed the example of most applied production function researchers and allowed
technical progress to affect the constant terms in the system of net supply functions (215) but we
have left the substitution matrix B unchanged over time. To solve the problem of trending
elasticities, all we have to do is allow B to change over time as well. Thus, simply set the matrix B
in (167) and (215) equal to a weighted average of a matrix C (which characterizes substitution
possibilities at the beginning of the sample period) and a matrix D (which characterizes substitution
possibilities at the end of the sample period); i.e., define B as follows in terms of C and D and the
time variable t:

(218) B'=(1 — [t/T]))C + [/T]D ; t=0,1,2,....T.

Note that there are T+1 sample observations. Essentially, we now let technical progress affect not
only the constant terms in (167) but we also allow it to affect substitution possibilities as well.
Another way of viewing our new functional form is that we allow the functional form to be flexible
at two points (the first sample point and the last) instead of the usual one point.

As usual, the correct curvature conditions can be imposed globally (globally) by setting C and D

equal to the product of UUT and V'V respectively, where U and V are lower triangular matrices;
i.e., set:

(219)C=UU"and D=VV"; U and V lower triangular.
We can also impose the following normalizations on the matrices U and V:

(220) UTp* =0y ; VIp* =0y

This technique of imposing price flexibility at two points is due to Diewert and Lawrence (2002).
19. Semiflexible Functional Forms

Recall the basic normalized quadratic functional form for a unit profit function that was defined in
section 16 above and recall that most of the unknown parameters for this functional form are in the
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B equals AAT matrix where A is an N by N lower triangular matrix which satisfies the restrictions
(190), ATp* = Oy.

In models where the number of commaodities N is large, it can be difficult to estimate all of the
parameters of the A matrix at one time. An effective way to estimate the A matrix is to estimate it
one column at a time. Thus in the first stage, we use the estimating equations (180)-(183) or (215)
with the A (and hence B) matrix set equal to zero. Then at the next stage we use the estimates for
the parameters which are not in the B matrix as starting values for the stage 2 nonlinear regression
model with B set equal to AAT where A is a rank 1 lower triangular matrix; i.e., at this second
stage, A is set equal to:*°

a, O 0
0 0

(221)A=| %
a, O 0

The estimated parameters from this stage 2 nonlinear regression are then used as starting values in a
stage 3 nonlinear regression that fills in column 2 of the lower triangular matrix A, i.e., in the stage
3 regression, A is set equal to the following rank 2 lower triangular matrix:*

a, 0 .. 0
(222) A= a, a, .. 0
ay, ay, .. 0

This procedure of gradually adding nonzero columns to the A matrix can be continued until the full
number of N-1 nonzero columns have been added, provided that the number of time series
observations T is large enough compared to N, the number of commodities in the model. However,
in models where T is small relative to N, the above procedure of adding nonzero columns to A will
have to be stopped well before the maximum number of N—1 nonzero columns has been added, due
to the lack of degrees of freedom. Suppose that we stop the above procedure after K < N-1
nonzero columns have been added. Then Diewert and Wales (1988b; 330) call the resulting
normalized quadratic functional form a flexible of degree K functional form or a semiflexible
functional form. A flexible of degree K functional form for a profit or cost function can
approximate an arbitrary twice continuously differentiable functional form to the second order at

%0 \We also need to use the restrictions (190) to express a;; in terms of a,, ... , an.. Thus if p” is a vector of ones, the a;;
in (221) is replaced by —ay; —as; ... —an;. If maximum likelihood estimation is used, then in the stage 2 nonlinear
regression, the starting values for a, ... , ay; are taken to be 0’s so the starting log likelihood for the stage 2 nonlinear
regression will be equal to the final log likelihood of the stage 1 regression. This provides a check on the programming
code used. A similar strategy should be used with the subsequent stage 3, 4 and so on regressions.

%! The starting values for the stage 3 nonlinear regression for the elements in the first column of A are the final
estimated values from the stage 2 nonlinear regression and the starting values for the elements in the second column of
Aare 0’s. Again, if p’ is a vector of ones, the a,, in (222) is replaced by —az, —as ... —an,.
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some point, except the matrix of second order partial derivatives of the functional form with respect
to prices is restricted to have maximum rank K instead of the maximum possible rank, N-1.

What is the cost of estimating a semiflexible functional form for a profit function instead of a fully
flexible functional form? When we estimate a fully flexible functional form, we need the B matrix
to be able to approximate an arbitrary positive semidefinite symmetric matrix B” of rank N—1. This
arbitrary B” can be represented as a sum of N—1 rank one positive semidefinite matrices as we now
show.

Recall that any symmetric matrix can be diagonalized by means of an orthonormal transformation;
i.e., there exists a matrix U equal to [u*,u?,...,u"], where the u" are the columns of U, such that:

4 0 .. 0
0 4, .. O
(223) U'BU=A = 2
0 0 .. A

where U satisfies

(224) U'U = Iy

and A is a diagonal matrix with the nonnegative eigenvalues of B, the A,, running down the main
diagonal. We order these eigenvalues starting with the biggest and ending up with the smallest
(which is equal to 0):

(225) 7\4127\422 Z}LN_]_Z}LN =0.

Now premultiply both sides of (223) by U and post multiply both sides of (223) by UT. Using
(224), we find that:

(226) B = UAUT
= [ug, UPhg, ..., uMAN] Ut U2 L. U]
— anlN 7bn un unT
— znle—l 7\4n un unT

where the last equality in (226) follows from the fact that Ay = 0.

If we estimate a normalized quadratic that is flexible of degree K, then it turns out that the resulting
AAT matrix can approximate B defined by (226) as follows:

(227) AAT =Y uM U

Thus the cost of using a semiflexible functional form of degree K where K is less than N—1 is that
we will miss out on the part of B that corresponds to the smallest eigenvalues of B; i.e., our
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estimating AAT will be too small by the positive semidefinite matrix Yn-k™ > A, u” u"". In many
situations, this cost will be very small; i.e., as we go through the various stages of estimating A by
adding an extra nonzero column to A at each stage, we can monitor the increase in the final log
likelihood (if we use maximum likelihood estimation) and when the increase in stage k+1 over
stage k is “small”, we can stop adding extra columns, secure in the knowledge that we are not
underestimating the size of B by a large amount.

This semiflexible technique has not been widely applied but it would seem to offer some big
advantages in estimating substitution matrices in situations where there are a large number of
commodities in the model.*?
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